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Chemical flux = −D ∂C
∂z
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1.  DescripBon%of%internal%waves%
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Examples of internal waves 
Columbia River�Mediterranean �

Puget Sound�
China�

Australia�

Australia�

Lacamas%Lake%



4/18/14%

4%

Internal%waves%visible%%

as%Blted%temperature%contours%

Setting lx = 2L (where L = lake length), noting that cz = slz,
and re-arranging (1) yields lz = 4psL/N. Therefore, for
diurnal forcing with s = (24 hours)!1, small vertical wave-
lengths are favored in short (low L), strongly-stratified lakes.
Previous observations show a tendency for short vertical
wavelengths to be observed in small or medium lakes
[LaZerte, 1980; Weigand and Chamberlain, 1987; Münnich
et al., 1992; Vidal et al., 2005, 2008; Vidal and Casamitjana,
2007; Pannard et al., 2011; Lorrai et al., 2011].
[21] Development of small vertical scales might have been

reinforced by wave focusing, theoretically predicted where
waves reflect from near-critical bed slopes. Consistent with
this prediction, an along-lake transect revealed slightly
intensified stratification along a ray emerging from a near-
critical sill (section 4). However, results were inconclusive
because only a single along-lake temperature transect was
measured, and measured velocities were not intensified
along this beam. Sills have previously been found to inten-
sify seiche motion [Fricker and Nepf, 2000] and radiate
waves beams associated with localized dissipation [Boehrer
and Stevens, 2005].
[22] Theory (4) predicts widespread supercritical slopes

and downward reflection when D = (NH)/(psL) exceeds
about one (approximating the bed slope with 2H/L, where
H = lake depth). For Lacamas Lake, D ≈ 8 (evaluating N
from the surface-to-bed temperature difference) and most of
the lakebed was supercritical (section 4). For large D, wave
rays must repeatedly cross the lake and reflect from endwalls
while propagating from surface to bed (or from bed to sur-
face). For Lacamas Lake, ray tracing (not shown, but

following the approach used to draw the ray in Figure 3b)
indicates that 3–4 endwall reflections occur during vertical
propagation. Therefore, any upward propagating energy
present must repeatedly cross the vertical profile of ADP
measurements while propagating to the surface. Since
downward propagating energy dominated the entire mea-
sured ADP-profile, we conclude that most wave energy was
not reflected and carried back to the surface, and must
instead have been lost in the hypolimnion.
[23] Dissipation, possibly in the bottom boundary layer,

might account for the lost energy. For reflection from the
subcritical portion of the bed to be weak, boundary layer
dissipation must be substantial compared with the downward
wave energy flux. Since dissipation is of order rCD〈|u|3〉 (we
assume a generic value CD " 2.5# 10!3 for the bottom drag
coefficient [Simpson and Hunter, 1974]), it follows from (3)
that strong reflection is expected only if

R ¼ 8
p

! "1=2 CD〈juj2〉1=2

cg;z
## ## ≪ 1; ð6Þ

where we applied the simplification 〈|u|3〉 = (8/p)1/2〈|u|2〉3/2

(exact for Gaussian velocity). For Lacamas lake, 〈|u|2〉1/2 "
1.6 # 10!2 ms!1 and |cg,z| " 10!4 ms!1 (section 3), so R "
0.6. Consequently, substantial boundary layer absorption is
predicted during a single reflection. Furthermore, six to eight
endwall reflections occur during vertical propagation (3–4 each
during upward and downward propagation), each contribut-
ing additional dissipation. For narrow lakes in general,

Figure 3. Along- and across-lake sections, together with vertical shear predicted from across-lake sections. (a) Velocity
(black bars) and along-lake temperature section (color). White dashed lines 1–3 mark isotherm slopes. (b) Buoyancy fre-
quency N, with super- and sub- and near-critical bed slopes (respectively q > 2qc, q < qc/2, and qc/2 < q < 2qc) marked by
pink, blue, and green lines. Black curve marks an internal wave ray. (c) Across-lake temperature section (measured at year-
day 251.55, color) and along-lake velocity (white and black circles mark flow into and out of page, with circle diameter pro-
portional to velocity). (d) Vertical shear (averaged between 9 and 14 m depth) measured by ADP (black curve) and predicted
from successive across-lake temperature gradients using thermal wind relation (5) (blue curve and circles).
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internal%waves%
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Internal%bores%
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Outline%

1.  DescripBon%of%internal%waves%

2.  Influence%of%waves%on%nearbed%mixing%

3.  Influence%of%waves%on%lakewide%tansport%
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Outline%

1.  DescripBon%of%internal%waves%

2.  Influence%of%waves%on%nearbed%mixing%

3.  Influence%of%waves%on%lakewide%tansport%

Eulerian%mean%currents%flow%downslope%
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•  Should%carry%warm%water%downslope,%but%rapid%

warming%not%observed%–%why?%
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Stokes%drig%

Wave%velocity%

Wave%velocity%

ParBcle%velocity% ParBcle%velocity%

ParBcle%velocity%relaBve%to%wave% ParBcle%velocity%relaBve%to%wave%

•  ParBcles%spend%more%Bme%moving%upslope%under%wave%crests%

than%downslope%under%troughs.%

•  ResulBng%velocity%correcBon%called%Stokes%drig:%
%mean%u%for%parBcle%=%usd%+%<u>%

•  If%wave%propagates%steadily%at%known%speed,%can%calculate%usd.%

Stokes%drig%cancels%Eulerian%mean%flow%
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Slow%variability%of%usd%and%<u>%correlated%
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Describing fluxes of water of di↵erent

temperatures

Stephen M. Henderson

June 7, 2013

p(u, T ; z) =joint probability density for velocity u and temperature T evaluated at elevation z,

f(T ; z) dT =

Z 1

u=�1
p(u, T ; z)u(z) du

�
dT = mean flux of water with temperatures between T and T + dT ,

F(T ) =

Z
f(T ; z) dz = isothermal mean velocity,

u(z) =

Z
f(T ; z) dT = Eulerian mean velocity,

uT (z) =
F(T )

dZ/dT
= mass transport velocity derived from isothermal velocity, where

Z(T ) =mean isotherm elevation.
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ParBcle%transport%<%Eulerian%mean,%

Owing%to%cancelaBon%by%Stokes%drig%%%

(Under%certain%condiBons,%%

%

isothermal%mean%velocity%=%Eulerian%mean%velocity%+%Stokes%drig,%

%

i.e.%isothermal%velocity%=%mean%velocity%of%water%parBcles.)%

Intermediate%temperature%water%

transported%to%deep%lake%(rate%appears%

sufficient%to%explain%summer%thickening%

and%deepening%of%thermocline%base)%
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Summary%

1.  Internal%waves%pitch%forward%near%lakebed,%someBmes%“breaking”%or%

forming%undular%bores.%

2.  Mixing%rates%vary%by%orders%of%magnitude%through%wave%cycle.%

3.  Chemical%fluxes%esBmated%from%turbulence%measurements%and%nearHbed%

chemical%gradients%appear%sensible%(more%work%required).%%%

4.  Upslope%Stokes%drig%from%waves%appears%to%roughly%cancel%Eulerian%

downslope%flow.%

5.  Net%transport%of%intermediate%temperature%water%away%from%internal%

surfzone%appears%to%make%significant%contribuBon%to%mixing/deepening%

lakewide%straBficaBon%(more%work%required).%%%

•  Major%lake%deployments%during%2014H2017.%%%

•  Flow%through%mangroves%in%%

%New%Zealand%and%Mekong.%

•  Analysis%of%surfzone%eddies%data.%

Ongoing%work%


