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This paper presents an integrated electromagnetic and thermal model for the microwave processing of food packages.  
The model is developed by combining the edge fi nite element formulation of the 3-D vector electromagnetic fi eld in the 
frequency domain and the node fi nite element solution of the thermal conduction equation. Both mutual and one-way 
coupling solution algorithms are discussed. Mutual coupling entails the iterative solution of the electromagnetic fi eld 
and the thermal fi eld, because the physical properties are temperature-dependent. The one-way coupling is applicable 
when the properties are temperature independent or this dependence is weak. Mesh sensitivity and shape regularity for 
the edge element based formulation for computational electromagnetics are discussed in light of available analytical 
solutions for a simple wave guide. The integrated model has been used to study the electromagnetic and thermal 
phenomena in a pilot scale microwave applicator with and without the food package immersed in water. The calculated 
results are compared with the experimentally measured data for the thermal fi elds generated by the microwave heating 
occurring in a whey protein gel package, and reasonably good agreement between the two is obtained.
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INTRODUCTION

In comparison with conventional thermal processes 
for food sterilization such as canning and pasteurization, 
microwave processing has the advantage of providing 
rapid volumetric heating. This rapid heating results from 
the direct interaction between electromagnetic fi elds 
and foods hermetically sealed in microwave transparent 
pouches or trays [DeCareau; 1985]. Pilot-scale laboratory 
trials show that microwave heating signifi cantly reduces 
the time needed for products to reach the desired 
temperatures for commercial sterilization. Microwave 
heating also improves the organoleptic quality, appearance, 
and nutritional value of many foods. Moreover, the use of 
microwave processing increases the level of automation, 
improves productivity, and reduces adverse environmental 
impacts. 

Microwave food processing is a very complicated 
process that depends on dielectric properties, product size 
and geometry, design of applicators, and other variables 
[Metaxas; 1996] [Tang et al.; 1999a & 1999b].  The basic 
principles of microwave heating and their applications 
in food processing are described in textbooks [Metaxas 
& Meredith; 1983] [Metaxas; 1996]. Perkins [1980], an 
early investigator on the subject, presented a simple model 
for microwave heating, where he assumed an exponential 
decay of power absorption from the surface of a heated 
material towards its interior and studied temperature 
characteristics of boiling point drying processes. Similar 
approaches were later used by Zeng and Faghri [1994] and 
Lu et al. [1998] to investigate the microwave thawing and 
drying of foods.  While useful for a crude approximation, 
the assumption of exponential decay in general is invalid 
during microwave food processing [Watanabe & Ohkawa; 
1978].  In fact, recent studies showed that full 3-D 
calculations are required for these systems [Neophytou 
& Metaxas; 1998].

Metaxas and his colleagues have developed a 
variety of electromagnetic fi eld models using the fi nite 
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element method for microwave food processing. The 
techniques used both frequency domain and time domain 
formulations. Thermal issues, however, are not considered 
in their models. Zhang and Datta [2000] recently presented 
a fi nite element model for the microwave processing 
of foods. Their calculations involved the use of two 
commercial packages, one (EMAS) for computational 
electromagnetics and the other (NASTRAN) for 
computational heat transfer.  The linkage between the 
two is achieved through basic UNIX script commands.  
The numerically predicted temperature distributions 
were also compared with experimental measurements in 
a microwave oven. Their results showed that when the 
physical properties are dependent on temperature, a fully 
coupled model is required for an accurate representation of 
interacting electromagnetic and thermal fi elds. For cases in 
which the temperature dependence is weak, a de-coupled 
solution gives a reasonably good representation. 

The fi nite difference time domain (or FDTD) method 
has also been used for microwave heating modeling 
[Zhao & Turner; 1996]. The FDTD method uses a 
three-dimensional central difference approximation for 
Maxwell’s curl equations in space and a central difference 
scheme for time matching. It is a time-domain method 
in that the transient calculation is continued either until 
the fi elds in the simulation region reach a steady-state 
situation for a continuous sinusoidal excitation, or until the 
fi elds converge to zero for a pulse excitation. This method 
contrasts the fi nite element solution of the frequency-based 
equations. Recently, Haala & Wiesbeck [2000] applied the 
FDTD method to compute the electromagnetic fi eld and 
the temperature distributions, taking into consideration 
the conductive and radiative heat transfer.  Their results 
revealed that for the materials being studied and the 
conditions being applied, hybrid ovens (those heated 
by combined microwave and conventional heating) 
supplied better temperature uniformity in the load than 
either microwave or conventional ovens alone. The FDTD 
method is, in general, diffi cult to apply to the problems 
with complex geometries that are often encountered in 
food processing [Peyre et al.; 1997].  This limitation 
may be alleviated by using unstructured fi nite volume 
approaches [Piperno et al.; 2003]. 

In this paper, we present a computational model, 
with a full integration of 3-D electromagnetic heating 
and thermal phenomena, for microwave food sterilization 
applications. The motivation is derived from the need to 
develop a better understanding of the electromagnetic 
and thermal phenomena in industrial scale microwave 
applicators for food sterilization applications. Moreover, 
an efficient computational model is needed to help 
guide the development of the laboratory and pilot-scale 
microwave systems for commercial food processing 
that is currently being undertaken at WSU. Experience 

has shown that an experimentally validated numerical 
model can play an important role in both developing 
a fundamental understanding of and providing useful 
guidelines for process design and optimization. The 
model development is based on the frequency domain 
formulation of the full 3-D electromagnetic fi elds described 
by the Maxwell equations. To ensure the divergence-free 
requirement of the magnetic fi eld, the vector fi nite element 
formulation, which uses the element-edge based vector 
shape functions, is employed. The electric heating source 
is then calculated from the fi eld distributions and fed as an 
input to a thermal model, which is developed based on the 
traditional fi nite element formulation that uses the node-
based formulation. Both mutual coupling and one-way 
coupling between electromagnetic and thermal models 
are considered in the integral model. The integral model 
development, mesh-sensivity testing, and a comparison 
of the model predictions with both analytical solutions 
and experimental measurements taken on the microwave 
heating of packaged foods in a pilot-scale microwave 
applicator are presented. 

PROBLEM STATEMENT

The microwave applicator system under 
consideration is a pilot-scale microwave food processing 
unit and is schematically shown in Figure 1, where two 
rectangular waveguides are coupled to each other.  The 
top part of the system is the standard WR-975 waveguide 
with a cross-section of 248mm x 124mm and a height 
of 522.9 mm; the bottom one is an oversized waveguide 
with a cross-section of 496mm x 248mm and a height 
of 100mm. The food package of 140×100×30 (mm3) is 
fi xed at the center of the bottom part of the applicator.  
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Figure 1 Schematic representation of microwave applicator system. 
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Figure 1. Schematic representation of 
microwave applicator system.
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An electric fi eld of the TE
10

 mode with a frequency 915 
MHz is applied at the top to produce the dissipated 
electrical power that is absorbed by the food load with 
its initial and environmental temperatures set at the room 
temperature (300 K).

The development of the electromagnetic-thermal 
model can be divided into two steps. First, the 
electric and magnetic fi elds inside the waveguide are 
simulated using the fi nite element method to calculate 
the dissipated power in the food package.  Second, 
the temperature distribution inside the food piece is 
computed with the dissipated power as the source term.  
The differential form of Maxwell’s equations is the 
most widely used representation to solve the boundary-
value electromagnetic problems. Maxwell’s equations, 
however, are coupled partial differential equations that 
have more than one unknown value. Therefore, the vector 
wave equation derived from the Maxwell’s equations 
combined with the energy equation is taken as the 
governing equations to simulate the microwave heating 
problems [Metaxas; 1996],  

   
∇ × ∇ × − = −1

0
2

0µ
ε ωµ

r
c ik jE r E r J( ) ( )

(1)

where μr (= r (= r μ/μo) is the relative magnetic permeability, εc (= 
ε' - jσe/ω ε0) results from a combination of the conduction 
current (σE) and displacement current (j) and displacement current (j) and displacement current ( ω(ε'+jε”)E), with 
σe=ωε” ε0 + σ, Ji the incident current density, and k0k0k  the 
system parameter, k0

2 2
0 0= ω µ ε .  The symbols used are the 

same as those in the standard electromagnetic textbooks 
[Kraus and Fleisch; 1998].  Specifi cally, μ

0
 stands for the 

magnetic permeability of free space, ε
0
 the permittivity of 

free space, σe the effective conductivity, ω the frequency 
of the harmonic fi eld and j=(-1)(1/2). Eq. (1) automatically 
satisfi es the divergence free condition, ∇ ⋅ =( )ε ε0 0cE , 
when μr is considered a constant.  Note also that E(r) is 
generally a complex fi eld variable and is denoted by E
for the sake of simplifying the notation unless otherwise 
indicated. 

The solution of the above equation is subjected to 
appropriate boundary conditions governing the electric 
and magnetic fields. For most microwave thermal 
processing applications, a metal cavity and/or wave-
guide is used. Thus, along the wall surface, we have the 
tangential electric fi eld equal to zero,

  E n Et = × = 0 (2)

and at the opening port we have either excitation or 
transmission, resulting in the following generic boundary 
condition[Jin; 1993][ Volakis et al.; 1998],

n E n n E U× ∇ × + × × =( ) ( )γ inc

for the port with wave incident. (3)

n E n n E× ∇ × + × × =( ) ( )γ 0
for the port with wave being transmitted. (4)

With the electric fi eld E known, the energy absorbed 
by dielectric materials such as packaged foods or 
microwave heating source Q is given by the following 
expression,

Q Te( ) ( ) *r E E= ⋅1
2

σ
(5)

When the dielectric constant is a function of 
temperature, as often occurs, a mutually coupled 
solution is required because the dielectric constants must 
be updated using the temperature fi eld, which in turn is 
affected by the microwave heating. Microwave heating 
takes place either in air or in other fl uid media, and the 
heat transfer between the sample and the medium can be 
modeled using either the radiation boundary condition or 
Newtonʼs cooling law or both [Akarapu; 2003]. 

The thermal fi eld in a dielectric material exposed to 
microwave incidence is governed by the following partial 
differential equation,

ρ κC T
t

T Qp
∂
∂

= ∇ ⋅ ∇ +( )
(6)

where ρ is the density of the food package, Cp the specifi c 
heat, κ the thermal conductivity. For the system under 
consideration, the boundary condition is relatively simple 
and is prescribed by the heat balance through radiation 
into the environment,

− ⋅ ∇ = −( )∞κ ε σn̂ T T Ts s
4 4

(7)

where εs is the surface emissivity, σs the Stefan-Boltzmann 
constant, and T

∞
 the ambient temperature. Here the 

convective effect is ignored because the thermally-
induced free convection inside the microwave cavity is 
negligible.

The governing equations, Eqs. (1) and (6), reveal that 
the electromagnetic and thermal fi elds in the microwave 
processing systems may be coupled in two ways. One 
way is mutual coupling. This happens when the electric 
fi eld property is a function of temperature. Studies show 
that such coupling can be important in both microwave 
and thermal fi eld distributions. Because mutual coupling 
requires a coupled solution of both microwave and thermal 
fi elds at each time step during the thermal simulations, 
this process can be computationally expensive. The other 
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way is one-way coupling. This happens when the dielectric 
constant of the food package is either a weak function of 
temperature or not a function of temperature at all. In the 
case of one-way coupling, the electromagnetic fi eld needs 
to be calculated only once, thereby substantially reducing 
the computational effort.

EDGE FINITE ELEMENT FORMULATION

The fi nite element formulation starts with the three-
dimensional wave equation, or Eq. (1). After multiplying 
the equation by a vector weighting function (W) and 
integrating over the microwave cavity (or computational 
domain), one obtains the following integral, which is often 
referred to as weak form [Jin; 1993], 
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
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Making use of the vector Greenʼs theorem identity, 
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the second order differential terms can be integrated by 
parts,
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where Ji is the incident current density. Because the surface 
integral exists only on the surface, the boundary condition 
described by Eqs. (3)-(4) can be used to transform the 
above equation to,

1 2
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To ensure that the calculated electric field is 
divergence free, a numerical treatment is needed. One of 
the common procedures is to use the penalty method, as 
has been done in incompressible fl uid fl ow calculations 
[Huo and Li; 2004].  A better choice, however, is to use the 
vector edge-based element shape functions. This approach 
is taken in the present study.  For this purpose, tetrahedral 
elements are used to discritize the computational domain 
V. Over each tetrahedron, the vector electric fi eld is defi ned 
along the edges, and the vector edge shape functions Nk(r) 
are constructed as follows, 

    
N r r r e7 7 1 7 2

7

6 6− − −
−= × +k

k

e
k k

k k

e

b
V

b b
V

( ) ( )( ) ( )
( )

(( )7− ×k r
(12)

     
where k=1,2…6, Ve= volume of tetrahedron, ek = unit 
vector of the kth edge and bk= length of the kth edge of 
the tetrahedron.

With the vector edge shape function so chosen, the 
electric fi eld E within a tetrahedron can be expanded using 
the shape function as,

    
E N=

=
∑Ei
i

i
1

6

(13)
  

where E
i
 is the electric fi eld along the ith edge of the 

element. Substituting this function into Eq. (11) and 
carrying out the necessary numerical integration over 
an element, one has the following matrix equation for 
the discretized electric fi elds defi ned along the element 
edges, 

  [ ]{ } [ ]{ } { }K Be e e inc ee

E U F+ = (14)

where the matrices are calculated using the following 
expressions,

K k dVij
r
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Assembling the elemental equations we have the fi nal 
global matrix equation as follows,
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  [K]{E} + [B]{Uinc} = {F} (15)

which can be solved for the unknown vector fi elds defi ned 
by E.

The finite element formulation for heat transfer 
problems is well known and has been reported in our early 
publications [Huo and Li; 2004]. The energy equation is 
solved by using the Galerkin fi nite element method.  The 
standard fi nite element procedure leads to the following 
matrix equation for the nodal temperature distribution,

  
N dT

dt
L T GT T T+ ⋅ =

(16)

where the matrix coeffi cients are calculated by,

  
N C dVT p

T

v
= ∫∫∫ ρ θθ

  
L dVT v

T= ∇ ⋅ ∇∫∫∫ κ θ θ

  
G Q dVT v

= ∫∫∫ θ

with θ being the fi nite element shape functions. For 
these calculations, node-based elements are used. To 
couple the thermal and electromagnetic calculations, 
the electromagnetic fields are first solved with an 
assumed temperature distribution. The heating source 
is then calculated using Eq. (5) and fed into the 
thermal calculations for an updated temperature fi eld. 
The calculated temperature is then used to obtain an 
updated electromagnetic fi eld distribution and then the 
new temperature fi eld. The procedure is repeated until 
convergence is achieved. This coupling procedure can be 
applied to both steady state and transient calculations. In 
cases where the dielectric constant is nearly independent 
of temperature, the electromagnetic fi eld calculations 
need to be calculated only once. Both the mutual and 
one-way coupling algorithms have been incorporated in 
the present model.

COMPUTATIONAL ASPECTS

It is well known that the edge finite element 
formulation for the 3-D electromagnetic fi elds results in 
a huge sparse matrix. Effi cient numerical methods are 
needed for solving the sparse systems of linear algebraic 
equations.  A large number of research articles and 
books have been published on this subject [George and 
Liu; 1984]. The methods for solving the matrix may be 
classifi ed into the iterative and direct categories. Although 
iterative methods have the advantage of reducing computer 
storage needs, they are diffi cult to converge to an accurate 

order and in general are slower than the direct methods, 
which require more memory but no iteration. A rule of 
thumb is that whenever memory is affordable a direct 
method should be used. Of course, blind use of the direct 
method without a careful account for sparseness will lead 
to a disaster for fi nite element computations. 

There are four distinct phases (ordering, storage 
allocation, factorization, and triangular solution) in the 
direct method to solve for a sparse matrix arising from 
fi nite element formulations [George and Liu; 1984]. 
Ordering is key, and, unfortunately, is theoretically proven 
to be heuristic. A direct sparse matrix solver employs the 
LU decomposition but only exploits the non-zero elements 
in the triangular factor L of a matrix A if A is a structurally 
symmetric matrix. The direct method takes advantage of 
the data structure from the ordering phase and performs 
symbolic factorization, sparse symmetric factorization, 
and back-substitution. The present study implements the 
algorithms discussed in [George and Liu; 1984].  The 
available ordering algorithms are compared in order to 
reduce either computer storage or computer execution time 
or a combination of the two. The band scheme and the 
skyline scheme are relatively easily to implement but are 
not necessarily effi cient. Three ordering schemes in this 
category, Quote Minimum Degree, Multiple Minimum 
Degree, and Nested Dissection, are studied. The other 
ordering methods, Quotient Tree and One-Way Methods, 
are also applied and their performances are compared with 
the above three. All these schemes have been incorporated 
in our code, and extensive testing has been made. The 
comparative numerical study suggests that the Multiple 
Minimum Degree ordering algorithm is the most effi cient 
method for solving the electromagnetic problems under 
consideration. With an optimal reordering, the matrix 
is then symbolically factorized and fi nally solved by 
the general sparse matrix solver, which takes the full 
advantage of the data structure generated by the ordering 
phase. Often, the factorization and back-substitution 
phases are the most time consuming and thus are 
implemented in a parallel computing environment. Many 
of these algorithms are available in literature [Demmel et 
al.; 1999(a)][Demmel et al.; 1999(b)].  

EXPERIMENTAL PROCEDURE

In order to verify the simulation results, some 
experiments were performed with an applicator cavity 
made of aluminum plates with dimensions as mentioned 
in section 2. The microwave power was generated 
by a commercial 5 kW 915 MHz microwave power 
source manufactured by Microdry Company (Microdry 
Model IV-5 Industrial Microwave generator, Microdry 
Incorporated, Crestwood, KY). The microwave power 
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(a) (b) (c)

Figure 2 Mesh plot and contour plots of the electric field modulus for the shorted waveguide (a) 
mesh plot; (b) lossless waveguide (�c=2.0); (c) waveguide with half lossless (�c=1.0) and half 
lossy material (�c=2.0+0.2j). 

Figure 2.   Mesh plot and contour plots of the electric fi eld modulus for the shorted waveguide (a) mesh plot; (b) 
lossless waveguide (εc = 2.0); (c) waveguide with half lossless (εc = 1.0) and half lossy material (εc = 2.0 - 0.2j).
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Figure 3(a): Distribution of the electric field along the center axis of the shorted waveguide, with 
lossless media (�=2.0) for 4 to12 elements per wavelength, and its comparison with analytic 
solution.

Figure 3: (a) Distribution of the electric fi eld along the center axis of the shorted waveguide, with lossless media 
(εc = 2.0) for 4 to12 elements per wavelength, and comparison with the analytical solution. (b) Comparison of the 

numerical and analytical solutions for the electric fi eld distribution along the center axis of the shorted waveguide, 
with a dielectric load in the back half (εc = 2.0 - 0.2j) and air (εc = 1.0) in the front half.  There are 10 elements per 

wavelength.
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propagated from the magnetron through a WR-975 
waveguide and was then fed into the applicator cavity. A 
microwave power level of 5.0 kW was delivered to the 
load to obtain a reasonable heating time of 1 minute for a 
20 to 80 ºC rise in the food temperature while minimizing 
the infl uence of heat conduction. 

Because non-uniformity is inherent in microwave 
heating, we selected the center as a reference location 
to measure the temperatures. An optic probe sensor was 
used for this study (FISO Technologies Inc., Sainte-Foy, 
Quebec, Canada). This fi ber optic sensor has 0.1 ºC of 
resolution, measures a wide temperature range of 40 to 
250 °C, and provides a precision of ± 1.0 ºC. Microwave 
heating was stopped when the central temperature 
measured by the fi ber optic sensor reached 80 ºC. The 
food sample was removed from the applicator cavity and 
opened immediately for the temperature measurement. 

The surface temperature of the food product was 
measured with an infrared camera (model Thermal 
CAMTM SC-300, N. Billerica, MA). The ThermaCAM 
SC-300 QWIP sensor provided an imaging resolution of 
160x120 pixels and captured real-time dynamic events 
using the cameraʼs digital output at 5 images per second. 
This camera is capable of analyzing individual frames 
covering a wide temperature range (-40 to 120 °C) and 
providing an accuracy of either ±2% of the range or ± 2.0 
ºC. The measured temperature range in our studies is 20 
to 80 ºC. The emissivity and other measuring parameters 
such as the measuring distance, ambient temperature, and 
humidity had been calibrated and set before the tests.

RESULTS AND DISCUSSION

The above computational model enables the prediction 
of full 3-D electromagnetic and thermal fi elds, both in 
transient and steady states, in electromagnetic processing 
systems for dielectric and electrically conducting materials.  
For the later, the electrical conductivity is used in place 
of the imaginary dielectric constant in Eq. (1). Extensive 
numerical simulations were carried out using the model. 
The computational results were checked with analytical 
solutions for simple and idealized systems and compared 
with the experimentally gathered measurements. The 
comparison with the analytical solutions was also used 
to resolve the issues concerning the mesh sensitivity of 
the numerical simulations. All the testing and numerical 
simulations were performed on an 8-processor Alpha 
machine with 8 GB RAM. The integrated model is 
capable of performing both mutual and one-way coupled 
analyses. A selection of the results from one-way coupling 
simulations is presented below.

Numerical Performance

Prior to considering the modeling results, some 
issues concerning the computational aspects of the 3-D 
model deserve a discussion.  The edge fi nite element 
formulation results in a large sparse matrix, which may 
be solved by either the iterative solvers or direct solvers. 
The appropriate choice of a solver is crucial for 3-D 
simulations. Our extensive testing of many available 
iterative and direct methods indicates that the iterative 
solvers require approximately one tenth of the memory 
needed for the direct solver.  For example, for a model 
problem that has more than one million variables, 
approximately 6.4 GB memory is required if the best 
renumbering permutations are applied, assuming the 
double complex precision. This is in contrast with 
0.6GB required for iterative solvers. However, selecting 
appropriate parameters such as preconditioners to obtain 
converged solutions can be quite intriguing as well as 
very diffi cult. For a small to moderately-sized problem, 
which has unknowns of 300,000 or fewer, direct solvers 
with appropriate ordering and symbolic factorization seem 
to perform faster than the iterative solver, even with an 
appropriately selected pre-conditioner.

While the results presented in this paper are for one-
coupling calculations, the model for mutual coupling 
calculations has also been tested. The details of the 
mutual coupling and testing can be found in a recent 
thesis [Akarapu, 2003]. 

Comparison with Analytical Solution

To test the model predictability, the numerical model 
is compared with available analytical solutions for various 
conditions [Balanis, 1989]. These analytical solutions have 
also been used to guide the design of appropriate meshes 
for the numerical simulations reported below. Figures 2(a) 
to 2(c) show the fi nite element mesh and electric fi eld 
distributions in two different cases.  The waveguide has 
a cross-section of 8 cm by 4 cm and  is 48 cm long. The 
frequency of excitation for this analytical test case only 
is 1910 MHz.  The waveguide is excited at the bottom in 
the TE10 mode and is shorted at the top end.

Figures 3 (a) and (b) compare the electromagnetic 
fi eld distribution along the centerline of the rectangular 
microwave waveguide fi lled with a lossless medium 
and half-fi lled with a lossy medium. For this problem, 
the analytical solution for the waveguide can be solved 
using the method of separation of variables [Akarapu; 
2003]. Examination of Figure 3 illustrates that excellent 
agreement is obtained between the analytical and edge 
finite element results, thus validating the numerical 
formulation presented above. In fi gure 3(b), note also that 
the sharp change in the fi eld distribution near the interface 

Table 1.  Thermophysical properties of the food 

Parameters of the 

Emissivity 

Relative permittivity 
Relative loss factor 

Frequency, 
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between the air and lossy medium and the attenuation in 
the lossy medium is well predicted numerically.  

Mesh Sensitivity Testing

    The above problem is also used to test the mesh 
sensitivity, which is found to be very important for 
microwave simulations. These cases have also been used 
for mesh sensitivity studies to obtain appropriate criteria 
for the selection of meshes for numerical simulations.   
Figure 3(a) shows the results for the lossless case. 
Inspection of Figure 3(a) suggests that an appropriate 
resolution of the electromagnetic fi eld in a dielectric 
material requires about 8 to 10 elements per wavelength. 
This fi nding is consistent with the standard FDTD “rule of 
thumb” suggesting the use of ten cells per wavelength in 
the medium ( cell size ≤ c r10 ε ) and other rules [Dibben 
and Metaxas; 1997].

The fi nite element simulations using the tetrahedral 
edge elements may be very sensitive to their shape 
regularity. The condition of the field representation 
deteriorates when tetrahedral edge elements are not well-
shaped [Mur; 1994]. The shape quality of the tetrahedral 
elements is measured quantitatively by [Liu and Joe; 
1996]
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0 3        (17)

where η is the shape quality number, V is the volume, V is the volume, V
and lij is the length of the edge. The quality is 1.00 for 

tetrahedral elements with equal-length edges, and the 
values drop down for distorted elements. This shape 
quality indicator indicates how distorted the element is.  
This mesh shape sensitivity is illustrated by calculating 
the electric fi eld in the shortened rectangular wave with 
lossless medium, as shown in Figure 4. This problem is 
solved using three meshes; almost all elements are of 
the same shape position in a mesh. The element shape 
quality number for Mesh1, Mesh2 and Mesh3 are 0.84, 
0.706, and 0.485 respectively. The electric fi eld along 
the centerline of the waveguide is plotted in Figure 4 
along with the analytical solution. The results show that 
the fi eld is deteriorated with elements of bad shape even 
if the number of elements is increased. Thus, the edge 
elements with approximately equal edges should be used 
when possible. The mesh with shape quality < 0.84 should 
be avoided. For the present work, the results are calculated 
using meshes with quality factor ≥ 0.84.

Microwave heating of the food package

Let us now consider the microwave thermal 
processing of food packages. A typical design of a 
microwave cavity for industrial microwave processing of 
food packages, as shown in Figure 1, is discretized using 
309,120 tetrahedral edge elements. The direct solver with 
the Multiple Minimum Degree ordering algorithm was 
used for the solution of the sparse matrix resulting from 
edge fi nite element formulation. With 6 microprocessors 
running in parallel, the calculation required approximately 
10 minutes of CPU time on the GS80 platform for the 
electric fi eld calculations and an insignifi cant amount of 

0
0.2
0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

2

0 0.1 0.2 0.3 0.4 0.5 0.6
Z (m)

|E
| (

V/
m

)

analytical result mesh1

mesh2 mesh3

Figure 4 Effect of element shape regularity on the accuracy of field calculation: (a) mesh1 with 
48 division in Z direction, 8 divisions in X direction and 4 divisions in Y direction; (b) mesh2 
with 96 division in Z direction, 8 divisions in X direction and 4 divisions in Y direction; (c) 
mesh3 with 144 division in Z direction, 8 divisions in X direction and 4 divisions in Y direction. 

Figure 4.   Effect of element shape regularity on the accuracy of fi eld calculation: (a) mesh 1 with 48 division in 
the Z direction, 8 divisions in the X direction and 4 divisions in the Y direction; (b) mesh 2 with 96 division in the 
Z direction, 8 divisions in the X direction and 4 divisions in the Y direction; (c) mesh 3 with 144 division in the Z 

direction, 8 divisions in the X direction and 4 divisions in the Y direction.



International Microwave Power Institute                                                                                                                                        179

time for the transient thermal calculations. The materials 
properties used for the calculations are given Table 1.

The computed electric field distributions in the 
microwave cavity with TE10 model are shown in Figure 
5 for two cases. In one case the food package is exposed 
directly to air. In the other case, the food package is 
immersed in water, which fi lls a portion of the bottom 
cavity from 0 mm to 75 mm in the z-direction. The 3-D 
view of the contour distribution of the modulus of the 

electric fi eld on the computed model through the cavity is 
given in Figures 5(a) and 5(b). Following the guidelines 
from the mesh sensitivity study, a denser mesh with 10 
elements per wavelength is used for the water case. The 
projection view of the fi eld distribution is shown in Figures 
5(c) and 5(d).  These fi gures show the typical features 
of electromagnetic distribution in both the guide and the 
cavity portions.

                  (a)                                       (b)  

(a-b) 3-D view of |E| distribution 

(c) (d)

(c-d) 3-D center cutting view on the x-z surface 

Figure 5 Electric field (|E|) distribution in the microwave applicator loaded with a food package 
(140×100×30 mm). The top part of the microwave applicator is the standard MR-975 with the 
height of 52.29 mm and the bottom cavity dimensions (496×192×100 mm). (a) and (c): food 
package is exposed to air and (b) and (d) the food package is immersed in water. 

Figure 5.   Electric fi eld (|E|) distribution in the microwave applicator loaded with a food package 
(140 X 100 X 30 mm). The top part of the microwave applicator is the standard MR-975 with the 

height of 52.29 mm and the bottom cavity dimensions (496  X 192 X 100 mm). (a) and (c): the food package 
is exposed to air and (b) and (d) the food package is immersed in water.



180                                                    Journal of Microwave Power & Electromagnetic Energy                  Vol. 39, No. 3 & 4, 2004

The temperature distribution in the food packaged is 
shown in Figure 6. Figures 6(a) and 6(b) are two different 
3-D views of temperature distribution at the top of the 
surface and at the central plane. As a comparison, Figure 
6(c) also plots the experimentally measured temperature 
distribution, which is measured using an infrared camera. 
Clearly, the measured heating pattern compares well with 
that predicted by the integrated microwave-thermal model. 
In fact, the highest temperature predicted is 10% less than 
its measured counterpart. In this case, the microwave 
power is absorbed at the two ends of the food package. 
The highest temperatures are located near the two edges. 
The symmetry of the temperature distribution is consistent 
with the placement of the food package, which is located 
at the middle of the cavity. From the edge towards the 
middle, the heating intensity is reduced while there seems 

to be a relatively strong heating near the center of the 
food package. The heating pattern is attributed to the fact 
that the microwaves undergo multiple refl ections on the 
wall and the food load when the wave is launched into 
the bottom cavity, which is a multi-mode applicator. It is 
thought that this multi-mode applicator is confi gured with 
two major kinds of resonant frequencies. One frequency 
induces the high hotspots on two sides of the boundary, 
while the other yields the lower hotspot at the center of 
the food package. 

Figure 7 compares the temperature distribution 
calculated by the 3-D microwave-thermal model to that 
measured using the infrared camera for the case in which 
the food package is immersed in water and both the food 
package and the water are heated by the microwaves. 
The comparison between the experimentally measured 

(a) experimental 

(b) numerical  

Figure 7 Temperature distribution over top surface of a food gel slab package: (a) experimental 
data are obtained using the infrared camera; (b) numerical data are calculated using the coupled 
electromagnetic and thermal model (FEM). Parameters for calculations are given in [Pathaka, et 
al. 2003]. 

Figure 6.   Temperature distribution of food packet 
place in air: (a): Temperature band plot for the entire 
food packet; (b) Temperature band plot at the center 

of food packet; (c) Experimental temperature over the 
top surface of a food gel slab package. Max=77 oC and 
Min=32 oC.  The calculated hot spot on the top surface 

(a) is at 56 oC.

(a) experimental 

(b) numerical  

Figure 7 Temperature distribution over top surface of a food gel slab package: (a) experimental 
data are obtained using the infrared camera; (b) numerical data are calculated using the coupled 
electromagnetic and thermal model (FEM). Parameters for calculations are given in [Pathaka, et 
al. 2003]. 

Figure 7.   Temperature distribution over top surface 
of a food gel slab package: (a) experimental data are 

obtained using the infrared camera; (b) numerical data 
are calculated using the coupled electromagnetic and 

thermal model (FEM). Parameters for calculations are 
the same as those in Figure 5 with the water layer (496 

X 92 X 75mm).
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and numerically calculated heating pattern is gratifying. 
Both show that with the water present, the microwave 
is absorbed in the central region of the food package, 
which causes the hot spot to occur in the central region 
of the package. This is in sharp contrast to the case where 
the food package is exposed directly to air in the cavity. 
The results suggest that the surrounding water helps to 
redistribute the microwave heating power so that the 
electric power is delivered to the central region of the 
food package. The heating pattern can be explained by 
only one major resonant frequency occurring at the central 
region of the food package.

Figure 8 depicts the temperature histories of the hot 
and cold spots in the microwave heated package for both 
cases. As expected, the hot spot heats more rapidly and the 
cold spot less rapidly, revealing the fact that the absorbed 
microwave power helps to ramp up the temperature in the 
package. Also, exposed to air in the applicator, the food 
package would take 0.5 minutes for the temperature to 
reach the highest temperature of 77 0C in the package (see 
Figure 8a).  This compares with the water case where the 
highest temperature of 73 0C is reached in ten minutes 
when a portion of the bottom cavity is fi lled with water, 
as shown in Figure 8(b).  Inspection of the results further 
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Figure 8 Evolution of the temperature of the hot and cold spots in the food package heated by 
microwaves in the applicator with the package immersed in air (a) and in water (b). 
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Figure 8 Evolution of the temperature of the hot and cold spots in the food package heated by 
microwaves in the applicator with the package immersed in air (a) and in water (b). 

a)

b)

Figure 8.   Evolution of the temperature of the hot and cold spots in the food package heated by microwaves 
in the applicator with the package immersed in air (a) and in water (b).
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illustrates that the microwave heating is more effective 
when the food package is not immersed in water. However, 
with the presence of water, the difference between the 
highest and lowest temperatures in the package is smaller 
about 30 0C in ten minutes, as shown in Figure 8(b). This 
phenomenon should be expected because water helps 
redistribute the microwave energy and make the fi eld 
distribution relatively more uniform in the food package, 
in addition to shifting the heating pattern. 

As a test, the mutual coupling analysis is also 
performed for the above two cases using the same 
properties. The simulation takes considerably longer, 
and the results, as expected, are the same as those shown 
in one-way coupling analyses.

CONCLUSION

An integrated electromagnetic and thermal model has 
been developed for the microwave thermal processing 
systems. The edge-based finite element method has 
been employed for solving 3D Maxwellʼs equations by 
discritizing the vector wave equation with the electric 
fi eld as the primary variable. This model is then coupled 
with the node-based fi nite element model for thermal 
calculations. The fi nite element model has been tested 
rigorously with simple semi-infi nite dielectric problems. 
The integrated electromagnetic-thermal model can be used 
to carry out both mutual and one-way coupling analyses. 
The formulation has compared well with analytical 
solutions. Mesh sensitivity and shape regularity for 
the edge element based formulation for computational 
electromagnetics were also investigated. These guidelines 
have been used to perform the numerical simulations for 
microwave food processing in a pilot scale microwave 
applicator. The calculated results are compared with the 
experimentally measured data for thermal fi elds generated 
by microwave heating in a whey protein gel package, 
and reasonably good agreement between the two is 
obtained. 
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